Two classes of chromatically unique graphs  by Koh, K.M. & Goh, B.H.
cI Discrete Mathematics 82 (1990) 13-24 
North-Holland 
13 
TWO CLASSES OF CHROMATICALLY UNIQUE GRAPHS 
K.M. KOH and B.H. GOH 
Department of Mathematics, National University of Singapore, Singapore 
Received September 2, 1987 
Revised March 28, 1988 
Let P(G; A) denote the chromatic polynomial of a graph G. G is chromatically unique if G is 
isomorphic to H for any graph H with P(H; A) = P(G; A). In this paper, we provide two new 
classes of chromatically unique graphs. 
1. Introduction 
Let x(G) and P(G; A) denote respectively the chromatic number and the 
chromatic polynomial of a (simple) graph G. Thus x(G) is the smallest 
nonnegative integer k such that P(G; k) >O. Two graphs G and H are 
chromatically equivalent, written G - H, if P(G; h) = P(H; A). We write G 7~ H if 
G is not chromatically equivalent to H. A graph G is chromatically unique if 
G = H for any graph H with G - H. 
Cycles and complete graphs are two “trivial” classes of chromatically unique 
graphs. Besides these, various classes of such graphs can be found, for instance, 
in [4, 5, 6, 7, 10, 12, 14, 17, 18, 19, 211. In this paper, we shall enlarge the family 
by adding two new classes of chromatically unique graphs. 
Let r and s be integers such that r, s 3 3. Let e, be an edge of a complete graph 
K, and e2 be an edge of a cycle C,. Denote by G(r, s) the graph obtained by 
identifying e, and e2 in the disjoint union of K, and C, (see Fig. 1). Giudici [12] 
proved that the graph G(r, 3) is chromatically unique for each r 2 3, and very 
recently, Chia (private communication) has shown that the graphs G(4, s), 
G(5, s) and G(r, 4) are also chromatically unique for all r, s 2 3. As the first main 
result in this paper, we shall prove in Section 3 that the graph G(r, s) is 
chromatically unique for all r, s 2 3. 
One may extend the structure of the graph G(r, s) to obtain certain new graphs 
in the following way. Let K3 be a triangle in K, (r 3 3) and let X be a K4 
homeomorph (see [7,19]) with a triangle K; as shown in Fig. Z(u). Denote by 
Y&(r) (n 2 r + 1) the class of graphs of order n obtained by identifying K3 and KG 
in the disjoint union of K, and X (see Fig. 2(b)). It was shown in [7] that every 
graph in ?&(3) is chromatically unique. We shall prove in Section 4 that all 
graphs, except two, in the class $In(r) (n 2 r + 1 z 5) are chromatically unique. 
We shall denote by V(G) and E(G) the vertex set and edge set of a graph G 
respectively. For all notation and terminology not explained here, we refer to 
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G(r,s) : 
Fig. 1. 
(a) 
Fig. 2. 
(b) 
2. Basic results 
In this section, we shall state some known results which will be used in the 
proofs of our main results in the subsequent sections. 
To begin with, we have the following observations which can be found in [15]. 
Proposition 1. Let G and H be graphs such that G -H. Then 
(i) G and H have the same order; 
(ii) G and H have the same size; 
(iii) G and H contain the same number of triangles; 
(iv) x(G) =x(H); 
(v) G is connected if and only if H is connected. 
Let G be a graph of order n and size m. Denote by t,(G), t*(G) and t3(G) 
respectively the numbers of triangles C3, cycles C4 without chords (or diagonals), 
and complete subgraphs K4 in G. Farrell [ll] proved that the coefficient of AnP3 
in P(G; A) is -(y) + ( m - 2)t,(G) + t*(G) - 2t,(G). In particular, we have: 
Proposition 2. Let G and H be graphs such that G - H. Then t*(G) - 2&(G) = 
6(H) - 2&(H). 
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Let e = uu be an edge in G. We denote by G * e the graph obtained from G by 
deleting e and by identifying u and V. The following result, due to Birkhoff and 
Lewis [2], is useful for computing P(G ; A). 
Proposition 3. Let G be a graph and e E E(G). Then 
P(G; A) = P(G - e; A) - P(G . e; A). 
The next result can also be found in [15]. 
Proposition 4. Let G1 and G2 be graphs such 
Then 
that G1 fl Gz is a complete graph. 
P(Gl U G2; A) = 
P(G; W’(G; A) 
P(G1 n G2; A.) ’ 
It can be seen by Proposition 4 that if G is a connected graph containing a cut 
vertex, then (A - l)* 1 P(G; A). Its converse is also true. 
Theorem 1 [18]. Let G be a connected graph. Then G contains a cut vertex if and 
only if (A - l)* 1 P(G; A). 
Corollary. Let G and H be graphs such that G -H. Then G is 2-connected if and 
only if H is 2-connected. 
The last result we are going to state, known as Whitney’s broken circuits 
theorem, has been found very useful in showing that certain graphs are 
chromatically unique (see, for instance, [5,6,14]). 
Let G be a graph of order n and size m with a bijection 8: E(G)+ 
{1,2,. . . , m}. Let C be a cycle of G and let e be an edge of C such that 
e(e) 2 e(x) for each x E E(C). Then we call the path C - e in G a broken cycle 
induced by 8. 
Theorem 2 (Whitney-Broken Circuits [20], see also [l]). Let G be a graph of 
order n and size m with a bijection 8 : E(G) -+ { 1, 2, . . . , m}. Then 
n-1 
P(G; A) = c (-l)ihik”-i, 
i=o 
where hi is the number of spanning subgraphs of G that have i edges and that 
contain no broken cycles induced by 8. 
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3. The edge-gluing of a complete graphs and a cycle 
A vertex-gluing of two graphs G1 and G2 is a graph obtained by identifying a 
vertex of G1 and a vertex of G2 in the disjoint union of G, and G2. The chromatic 
uniqueness of a vertex-gluing of graphs has been studied in [8,16]. 
Let Gi and G2 be two graphs and let ei be an edge of Gi, i = 1,2. The 
edge-gluing of G, and G2 with respect to e, and e2 is the graph G obtained by 
identifying ei and e2 in the disjoint union of G1 and G2. In [16,9], Read and Chia 
also obtained some necessary conditions on G, and G2 for G to be chromatically 
unique. While it is trivial that if G is chromatically unique, then so are G, and G2, 
the converse is not true in general. For example, the edge-gluing G of KP and K4 
(p 2 q 2 4) is not chromatically unique since P(G; A) = A(3, - l)(J. - 2)*(A - 3)’ 
.--(J.-q+l)*(A-q)---(A--p+l)=P(X;A) but G$X where X is the 
graph of Fig. 3. (For a more general result of this type, see Chia [9].) 
On the other hand, there are chromatically unique graphs whose edge-gluings 
are also chromatically unique. For instance, any edge-gluing of two cycles (called 
also a o-graph [5]), which are chromatically unique, is also chromatically 
unique. In this section, we shall further support the above proposition by proving 
that any edge-gluing G(r, S) of K, and C, as shown in Fig. 1 is chromatically 
unique. 
Theorem 3. For all integers r, s 2 3, the graph G(r, s) is chromatically unique. 
Before proving Theorem 3, let us first introduce a class of graphs. A graph G is 
r-critical if x(G) = r and X(H) <x(G) for every proper subgraph H of G. Every 
r-chromatic graph always contains an r-critical subgraph. We shall apply the 
following known results on critical graphs (see Chapter 8 in [3]) to prove our 
main results. 
Lemma 1. Zf H is an r-critical graph, then d(v) 2 r - 1 for each vertex v in H. 
Lemma 2. Zf H is an r-critical graph and H is not complete, then IV(H)1 2 r + 2. 
d(vi) = i+l, for each 
i=1,2,....q-2. 
Fig. 3. 
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The celebrated theorem of Brooks on chromatic numbers states that if G is a 
connected graph which is neither an odd cycle nor a complete graph, then 
x(G) < A, where A = max(d(v) ) v E V(G)). The following equivalent statement 
of Brooks’ theorem, which can be found in [3] (Problem 8.2.1, p. 122), will play 
an important role in the proofs of Theorems 3 and 4. 
Lemma 3. Zf H is an r-critical (r 2 4) graph and H is not complete, then 
2 jE(H)I 2 (r - 1) IV(H)1 + 1. 
We are now in a position to prove Theorem 3. 
Proof of Theorem 3. Let n = r + s - 2. Thus G(r, s) is of order n. Since the 
result is known for r = 3 (G(3, s) is a O-graph), we may assume that r 3 4. Let R 
be a graph such that P(R; A) = P(G(r, s); IL). By Proposition 1 and the corollary 
to Theorem 1, R is of order r + s - 2 = n, of size (;) + n - r + 1, r-chromatic and 
2-connected. 
Let H be an r-critical subgraph of R. Denote k = IV(H)I. Clearly, k 2 r and by 
Lemma 1, dH(v) 2 r - 1 for each v in H. 
We claim that k = r. Suppose not; then by Lemma 2, k 2 r + 2. 
easel. ken-1. 
Since R is 2-connected. 
_Z(d,(v) I v E V(R)) 2 k(r - 1) + 2(n -k) + 2 
=k(r-3)+2n+2. 
The size of R is (;) + n - r + 1. Thus 
+n-r+l 1 ak(r-3)+2n+2, 
i.e., 
r(r - 1) - 2r 2 (r + 2)(r - 3), 
which implies that r . < 3, a contradiction. 
Case2. k=n. 
Since H is r-critical (r 2 4) and not complete, by Lemma 3, we have 
2 IE(R)I 3 2 IE(H)) 2 (r - 1)n + 1. 
Thus 
2 r 
CC > 2 
+n-r+l a(r-l)n+l 
) 
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i.e. 
r* - 3r + 12 (r - 3)n 
2 (r - 3)(r + 2), 
which implies that r s 3, again a contradiction. 
Hence we must have k = r, as required. It thus follows that H = K,, which, in 
turn, implies that R = G(r, s). This shows that the graph G(r, s) is chromatically 
unique. 0 
4. The KJ-gluing of a complete graph and a K4 homeomorph 
We now proceed to study the chromaticity of graphs in the class Yin(r) (see Fig. 
2(b)) as defined in Section 1. The chromaticity of K4 homeomorphs has been 
studied in [7, 191 and it was pointed out in [7] that any K4 homeomorph 
containing a triangle (see Fig. 2(u)) is chromatically unique. Thus it is of interest 
to know whether each graph in 5$(r) is chromatically unique. 
The only graph in s(4) is the graph I of Fig. 4(u). It can be verified that 
P(Z; n) = n(n - 1)(3L - 2)(A - 3)(A2 - 4A. + 5) = P(W,; A), 
where W, is the wheel of Fig. 4(b). Moreover, it can be checked from the table in 
[13] that W, is the only graph such that W, & I but W, - I. 
The graph J of Fig. 5(u) is one of the two graphs in ‘S,(4). Again, it 
I : 4% 
(a> 
Fig. 4. 
(a> 
Fig. 5. 
W6 : ts!3 
(b) 
x : BB 
can be 
(b) 
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verified (by Proposition 3, for instance) that 
P(J; A) = A(A - l)(A - 2)2(12 - 3)(A2 - 3A + 4) = P(X; A), 
where X is the graph of Fig. 5@), and it can be shown (by Proposition 2, for 
instance) that X is the only graph such that X $J but X -J. 
Thus we have seen that there are two graphs, namely, I and J, in Y&(4) which 
are not chromatically unique. In this section, we shall prove that these are the 
only two graphs in ?&e,(r) which are not chromatically unique. 
Theorem 4. Let n and r be integers such that n 2 r + 12 4. Then each graph G 
in S”(r) is chromatically unique if G Z Z and G $ J. 
Proof. For r = 3, the result is contained in [7]. We may thus assume that r z= 4. 
Let R be a graph such that R -G. Then R must be of order n, of size 
(;) + n - r + 2, r-chromatic and 2-connected. 
Let H be an r-critical subgraph of R and let k = jV(H)I. Then k 2 r and by 
Lemma 1, dH(u) 2 r - 1 for each TV in H. 
Claim 1. k = r. 
Suppose to the contrary that k # r. Then k 2 r + 2 by Lemma 2. 
Case 1. ksn-1. 
Since R is 2-connected, by applying Lemma 3, we have 
E(d,(v) ( ZJ E V(R)) 2 (k(r - 1) + 1) + 2(n - k) + 2 
= k(r - 3) + 2n + 3 
2 (r + 2)(r - 3) + 2n + 3. 
The size of R is (4) + n - r + 2. Thus 
2 r 
K > 2 
+n-r+2 1 3 (r + 2)(r - 3) + 2n + 3, 
which implies that r s 3, a contradiction. 
Case2. k=n. 
In this case, by Lemma 3 again, we have 
2 IE(R)I 2 2 IE(H)I 2 n(r - 1) + 1. 
Then 
2 r 
K > 2 
+n-r+2 >n(r-l)+l, 1 (1) 
i.e., 
r* - 3r + 3 2 (r - 3)n 3 (r - 3)(r + 2), 
which implies that r = 4. 
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G : 
Fig. 6. 
By substituting r = 4 into (l), we obtain n s 7. Since n 2 6 and G is neither I 
nor J, it follows that n = 7 and that G is the graph of Fig. 6. Since H is 4-critical 
and since R contains H as a spanning subgraph, the only nonincreasing degree 
sequence of R is (4, 3, 3, 3, 3, 3, 3). By checking all possible candidates for R and 
applying Proposition 2, we see that G 4 R, which is a contradiction. 
Thus we conclude that k = r and hence H = K,. 
Let (Y denote the number of vertices in H adjacent to a vertex in R -H. 
Clearly, a 2 2. Denote by p the number of vertices in R - H of degree at least 4 
in R. Then the remaining n - r - /3 vertices of R - H have degree at least 2, and 
we have 
2 r 
[( > 2 
+n-r+2 1 3 (r - a)(r - 1) + (yT + 4p + 2(n - r - p), 
which implies that a, + 2/3 ~4. Thus /3 < 1. If /I = 1, then (Y = 2, and by 
considering the sum Zf(v) in R, the remaining n - r - 1 vertices of R must be of 
degree 2 in R. Consider now the two vertices in H which are adjacent to some 
vertex in R - H. By the same reasoning, each of them is adjacent to one and only 
one vertex in R - H. Thus the vertex in R - H of degree at least 4 (in fact, it is 
of degree exactly 4) is a cut vertex of R, which is a contradiction. Hence p = 0 
and so each vertex in R - H is of degree 2 or 3 in R. Let E denote the number of 
vertices in R - H of degree 3 in R. Again, we have 
2 r 
[( > 2 
+ n -r + 2 1 2 (r - cx)(r - 1) + ar + 3s + 2(n - r - c), 
which implies that (Y + E < 4. 
Since R is 2-connected and of size (5) + n - r + 2, R must be in one of the 
forms, shown in Fig. 7. 
By Proposition 4, we see that any graph of form (4), (6), (7), or (8) is 
chromatically equivalent to a graph of form (l), and any graph of form (5) is 
chromatically equivalent to a graph of form (2). Our next step is to show that R 
cannot be of form (1) or (2). 
Claim 2. R is not of form (1). 
Suppose it is, and let R be the graph of order n of Fig. 8 where a and b are 
respectively the lengths of the u - v path and x - y path not contained in K, with 
a c b. 
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Kr Kr 
8 8 
(5) (6) 
Fig. I. 
Kr Kr 
R c3 
(7) (8) 
Let G be the graph of Fig. 9 where e <f Sg. Observe that a + b = n - r + 2 = 
e+f+gande+fSe+gSf+g. 
Case 1. a # e + f. 
Let s = min{a, e + f}. Then by Theorem 2, the coefficients of A”-’ in P(G; A) and 
P(R; A) are different, since one of G and R contains at least one more broken 
cycle of length s than the other (with respect to any ordering of the edges in each 
graph). Thus G + R, a contradiction. 
Case 2. a=e+f. 
Then b=g and so a=e+f Sb=g<e+gGf +g. In this case, the coefficients 
of Anmb in P(G; A.) and P(R; A) are different, which is a contradiction. 
Claim 3. R is not of the form (2). 
Fig. 8. Fig. 9. 
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Fig. 10. 
Let R be the graph of order n of Fig. 10, where a G b s c. Observe that R is an 
edge-gluing of K, and a generalized o-graph [14]. By Proposition 4, we may 
assumethatacb. Observethata+b+c=n-r+2=e+f+g. 
Casel. a+b#e+f. 
Let s = min{a + b, e +f}. Then the coefficients of An-’ in P(G; A) and P(R; A) 
are different. 
Case2 a+b=e+fbuta+c#e+g. 
We have c = g and a #e. (i) If a <e, then a + c <e + g, and the coefficients of 
A”-(“+‘) in P(G; A) and P(R; A) are different. (ii) If a > e, then a + b = e +f s 
e + g <a + c < b + c, and the coefficients of 3Ln--(e+g) in P(G; A) and P(R; A) are 
different. 
Case3. a+b=e+fanda+c=e+g. 
Inthiscase,b=f,c=ganda=e. Observethata+b=e+f<a+c=e+g< 
b + c = f +g. Thus the coefficients of A”-@+‘-i) in P(G; A) and P(R; A) are 
different. 
We thus conclude that R is not of form (2). 
It thus follows from Claims 2 and 3 that R must be of form (3) as shown in Fig. 
11 where e’cf’sg’. 
We shall now show that e = e’, f = f’ and g = g’. Again, we have e + f + g = 
e’+f’+g’. 
Case 1. e+f #e’+f’. 
Let s = min{e + f, e’ + f ‘}. Then the coefficients of A”-” in P(G; A) and P(R; A) 
are different. 
Fig. 11. 
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Case2. e+f =e’+f’bute+g#e’+g’. 
Inthiscase,g=g’ande#e’. (i)Ife’<e, thene+f =e’+f’ce’+g’<e+gs 
f +g <f’ + g’. Thus the coefficients of An--(e’+g’) in P(G; A) and P(R; A) are 
different. (ii) If e < e’, then e+f =e’+f’Ce+g<e’+g’Sf’+g’<f +g. 
Thus the coefficients of An--(e+g) in P(G; A) and P(R; A) are different. 
Hence we must have e+f =e’+f’ and e+g=e’+g’. But these imply that 
e=e’, f =f’andg=g’; i.e., GsR. 
We therefore conclude that any graph G in Sri(r) with G $ I and G $J is 
chromatically unique. The proof is thus complete. Cl 
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